
~risien Algorithm

Let $30 Then J
&a,l /

such thatuniques,r

a
= by +ra

remale
/

0 =
r

=b

I ,

geotient

Grollers-

Let
a

,
f - ,

6E0
,
The 7 yir
I

suh that

a
=by +

n
,

0 =
n

= (b)

(Axiam)orderingPrinciple

Furz non-empt set of natural
number centers a least element

chmedemPrinciple

If a,8 IN then I neW such
that On a

jerise" use the well princel to
-

mere the drision ha



Divisors
-

Let
a,
be. We Suy tht 2 divides

-

b o 7 +I such thl

b =

ca

We writt
sag
th

·inaa ne-

C

Theorem
-

Let
a,
b

, c
,
de2/1203 where necessary

11) all iff-all

12) alo
,

11 a
I
ala

(3) all off a
= = 1

(4) If all and A/c

then allc

(5) If all and612 then ala

(6) If alt and fla the a

= ↓



17) If all ,
600

,
then (a)-10)

18) If all and ul

the allx +cy) F zy I

Defritten-

Let a
,
b I

. If 22 is such that

cla and /b then--i a

Tammandrisor of a and b

If d i a common divisor of a and L
and d =

c I common divices
e of

a and b the d is the greatestS

commen divisor of a and b, Thi i

denotes

ycd(a, b) = hof(a,b)

or more usually (a
,b)



EuclidAlgorithm
Her to find Cu

,b) ?

Metho : Repeated use of drise
alzerithm
Assume a 36 . 5 21142 st

a
= by,

+r, 0 =
r,b

If r=0 Sirr
-

as Ala and (a
,
1) =b

Otherwise conside ↓ and r . Find you st

6 =

ga
+

m
,
0 = m = r,

If n
= 0

,
Stop

Otherzo
~

continue : find going St

r
= gyrst is ,

0 =

m r

Cum
-

The last non-zero remainder o last)



Theorem

If d = (l) ,
the I ye st

d =
ax +by

-Wal Enlids Algorithm backwards

Grollery-

Let 96, x,y I,
with d = (a

,b)
then

axtly is a multiple ofa

no axtly =

n has solutens
xy I

If d/4

fuiten

If Curb) = I we say a and b
are prime

Alle

(a,1) = 1 off I xy I st

ax + by = 1



-roller

If d = (a
,
1)

then (12) = 1

Kollug

# alc , 11 and (a
,
b) = /

Cher
al a

-did'sLemma

If albc and (a,b)
= 1

, then ala

of
As (a

,
b) =

7
xy
+ st

ax + by = 1

Here cax +Cly =
c

and a la



~Diophantine Egration

Linea
,

a,
b
,
22

·

Find yest
ax +ly =

c

This has solutions off (a,b) a

Given one solution
To the other

solutens are given by
In

=

xo + n

yo
:

yo r

Suppose My is another solution

c
=

azo
+by = ax +by

a(zo - x) = b(y -yo)
Divide out Call and use Enelids
Lemma



Primes
-

-

of itAn intergen P31i prime
only divisors cre und P

Questing
-

(1) Es Why a largest ? NO

(2) Es there a formula for the
nth primer ? No

(3) How may primes are less than
some given N

Prime number~ theorems



Theorem

Let
I he prome ab X . 303

() If plat then pla or plb

() Let a 2 ,
i

= 1, . . .

,
t

. If
plai

then 5 :< E1, ... , t3 st play
(3)Let E11 ...

) Ye he prie

If plsi

then 5 :cEl, . . .
.

, t3
st p

=

gi



FundamentalTheorems of Arithmetra

Every natural number not can be
-willen as a unique product ofprimes

Usually we write

n=
P: prime, Pips iFj , die N

Theorem
-

There al enlitit many primes

Proof

Suppose it i not to und thee
are only finite many prims

P, spas ..., Pt

Let N =

p,p ... -pt +/

Clearly N> pi , i
= 1

, -,
t so

N i composite



Therefore i has a E -

-E es not possible
Prime divisor

T for E
=

Pi
-for my it &1 , . .

..

,
t3 ,

contradic tien

Tun primes
-

Ane there infinitely many Twis
primes ? Unknown

n 3
.
5 17

,
19

It is possible alitati long stings
of composity numbers

(n +1) ! + 2
, (n +1)) +3

, ...
-

)
(n +1) ! + (n +1)

-oldbach'slenge (1742)

Every even number is the sum oftwo as a two primes



Congruences-

Let 962 ,
neINEB

.

We sy

a = b (modn) of n(( -1)

i 7 UE2 st( -b) = nk

Theeesa Modn) Creflexive)
Va +I

,
neNIE13

(2) If a
= b (modn) (symmetric)

then b =
a Godn/

3) If a
= ↓ (mod n) Strans.Tue)

and b = c (modn)
then a

= c Godu)



(4) If a
= bodn)

and c = d (modul
then a + c

= & +& (modn)

and ac
= be (modn)

(5) Ifa =b (modn]
then a +c

= b+c (modul

ac
= bc (modn/

(6) If a
= 1(modn)

them a
"

= b" (modn) KEN

Let atI
,
neIN .

We know - Get
st

a
= Anth , Ozan

we

sayww
the least non-negateat

reside



Any set ofa numbers which are
&

pairwise encongruent (moda) iscalled a complete set of residues

(mod u)

Lineer Composities

I
missed

a

bit



ox = ↓ (medn]
the 1 1 It

ax
-b = km

Es

ax
-km =b

(1) Wee (n
.
m) /A

2) If to is a solution the other
solute we

to There cre Cam
incongruent solute (modn)

~
multaneous Line Congruence

When does the system

x =
ai(mod nit

have solutions



Chinese Remainder Theorems
-

Let
n, . .

., ne IN1513

and a
, . . . , ne
I

Suppose

(n=,nj)
= 1

, ifj

Then the system
- =

a:
(mod nil

has a unique solution (mod i

NLnewCongruences

Let f be a polynomial of degree n.

Aim to solve

Jes = 0 (mod) (*)

-letreduction : This congruence equate
has a solution Af



He = 0 (mod piil
has a solution for i , . .

. .

,
t

I solute i

To deleine then a solutes to (*)
solve the System

x = xi(modpim)

using
the CRT

Andreducten :

We will show that solving
b() = O (modpo) p a prime

reduces to solving

fzx = 0 (modp)

Suppose too a solution to

fie = 0 mod ph



wh will use this to cust
solutens (mod pal)
We the Tayler polynomial of f
f( + tpx) = f(x) + tp

-f'(x)+ ( +

=

O(modpaily
... -

+ f

When i xo-Aph a solution of
See = 0 (mod petl)

If to
+ tp2 solves

f(x = 0 (modptt)
we must here

f(x) + Ephf(x) = 0 (nodpet)
in we must have that

p /(t) + thE)



in ) + t8'Er = 0 Godp)

So to(7) = - ) Emodp

If of 8'fo] re have a unique
solution

Now consider the case p(850)
f(x + t pt) = f(x) + tpxf'fo) +.... +

.
--

*

Olmodpa + 1)

# f(x) =0 (modplt1) then

f(x + +pt) = 0 (modpct") ,
Xt

If f(x) #O (modpet) ther
there are no st

f(x + tpt) = 0(modpt +1)



Example
Solve,

f(x) =

x
- 2xv + 3x + y = 0 mod27

&mod3)
+

= 0
, + =2 ae

soluting
the
God 3)

&mod 9)

f( =
=

3
- 2x + 3+ =0 mod ?

f'( = 3x - 4x +3

x = 0 (mod 3)

8() = 3 a 3/8
'

20)

- = O is also a solution (mod 9)

Home & + It is also a solute kod9)
S

for ech t .
We have 0

,
3
,
6

#2823 = 737812)



Find t St tf() = - ) (mod 3)

zt = -

E =

- 5 (mod 3)

t = / (mod 3)

Here
,
2 + 1 .3 = 5 is a solution (mod 9)

For eachsolution 0
,
3
,
5

,
6 (mod 9)

we worl
up to (mod 27)

f(x = x3 - 2 x + 3x +9

f(x = 3x2 - 47 + 3

#C f() = 3
, 3/810)

However f(0) EO(mod 27)

NO SOLUTIONS

#3 In this case 31f/3)

and f(3) = 0 (mod 27)

so we have solutions 3
,
3 + 4

,
3 + 18

,



is 3
,
12

,
21 solutions mod 27

x
= 6 No solute

is has a unique solution

Defritten-

& Any soluten f: /N-> IR is called
withmetic
-

An withmeti function, I o called

multiplicative o-

finm) = f(n)f(m)
when (n ,

m) =

u(n) molius function
(n) # of primes =n

ein) # of numbers co prime
to n

and less then 1

[In) # of divisors of n



win) # of prime divisors of u

-In) sum of divisors of

&

a(l) = 1

d(2) = 1

C (3) = 2

d (4) = 2

& (5) = 4

d (6) = 2

d(p) =

p - p a prime



Definition-

If a is copane to u then so

is
any X st x = nGodu) .

There

one (in) equivalence classes coprime
to Y · try set ofCl(n) resides

Swhich are pairwise encongruent (modul
s called & reduced set of
residues (modn]

Theorem
-

If a reduced setas . . . . ., adi)(n) and (k
,
n) = 1

,af resides
-Ken

Ka,
,

. - - > Kaas

a also a reduced set of residues (modn)

ZulersTheorem

Letne /1313 ,
ac

, kn) = 1
. Then

a
ans = 1 (mod n)

o
Let r

.. --

, News he a reduced set



of residues (
S

-modn( Ken aw,,..., a ren ,
is

also such C set
· Thus

an... areas
=

+ . .
.

.
. roy Modul----

=> alm = 1 (mod n)

rollery- Formats L Theorem

Let D be a prime and at I
,
(a

,p) =
Thes

aPt = 1 (modp)
Also

al =
a (modp) ,

Fac

Inverses

Suppose (a
,n) = /

a
ens

= 1 (modn)

a
d = (ody
Inverse



Example

3
2000000

God 31)

2000000 = 30g + r
,

z
= 66666

n
= 20

& (3)) = 30

We know 300 = / (nod 31)

3108 = (33076566320 (mod 31)
= 350/mod 31]

Fait
-

If p is prime what w

&(pt) = pt -pt-



Theorem
-

Suppose f n withmeter and
define
F(n) = f
T
-To I multiplicative than so

of
We need to show F(mn) = F(m) FM)
wher (m,

n) = /

F(mm) = (d)

If dimn and (min) = 1 then we

can write =dida st

dilm , da/n (disc) = I

Fu)
=Old



=n &(d.) f((z)
da/h

=(d) &Shr

= F(m) F(n)

Lemmer
-

T and o are multiplicatate

Formular-I and a

Let n=
Then F(m) = =(i)

= (p
Similarly
· (n)= (p)



Let
p
la prime

=(ph) , o(p")

[(yk) = n + 1

and [(n)= (p>

C: )

=

↓(pk) = 1 +
p

+

p
+

...
+p4

=
p

~ ()=



Fut

O is multiplicative
Let min= IN , (min) =

↓ m +1 - -

-( -

1)m + 1

m
+ 2

3 S

S

4 !
S

S &
S

I &
"

S &

m
Zu mn

Conside the oth now

if (m
,
r) =d +

them th ran

i noelementof
the

thea
to mu

We only need to consider rars where

C 1 = 1 . There are dis such nows.m
,r



Anmultiplicative continued

I m + ---- (n -1)m +
2

i " "
69

See
O12

,
15

2 = 5
(12

,
15) = 3

n/mn

M m+n -
-- In-ymer /

~ aIn mod

! i i
M 2m

----

mu

Take thewth ar (nm) = 1

mim +r
,

Intr
, ..., (n +]mer

These numbers are panase
incoigment /mod n)

theIf intr =mir (odn)-
L
E God np .

This o a completeJ
set of residueGodn)

Thus there
ton landa dinelementapra

a

Thus
,
there are clims@4) element

copuma to mu



↳ & (mm) = (((m)((n)

anda o multiplicates

Formulaefor
We know

& (k) = pk -yk
+ = ph + (p - 1)

(whenp so preme

If n =pi
they

&(n)=(

= (1 - i)

=n -



Lemma
-

Either d() = 1 or 1) is even ,

Defritten-
A number perfect y E es

-

the divisors which
we

am oe
6. 28, 496, 8128 are the only
perfect numbers<106

It ~ witho of odd perfect
numbers exist

So for only 48 perfect number
have been fand .

Conjecture - There are ofthi many-

prime
numbers

Definition-

Pio
so

also
Mersenne preme of 2-1a
-

prime



It is unknown of there we

infinitely many
such primes.

So for only 48 have been found

Theorem
-

A naturat number r is perfectand evenof it has the form

n
= 24-

(20 - 1)

where both p and 2"-I are prime ,
en

exactly me perfect number
associated with each Mersenne prime

Pol

Suppose n
= 2P+(2"- 1)

where 2"-1 is prime

( = p is prome)
We need to show n is perfect, so

~(n) = 2n



Ther divigos ofa are

1
,

2, ...,
201

1

(20-1)
,
2(28 - 1)

, ...,
24"(2"-1)

1 + 2 +
...
(Pt = 2P - 1

50 +(n) = 2- + (20-1)
= (2P -1)(1 +2" - 1)

= 2P(2" -1) = 2n

Nar suppose

·(n) = 2n

We need to show n i of the form
2p

-

(2 - 17

Where 2"-1 and p are prime .

We can write

n
= 2 in where n' is odd



We have <(l = ↓ (2+)&(

Also o(n) = In = 2n

Thus 24m = (2" -1) On's

We have

24 -1/n
We can write

n
= (24 - 1)n"

This give

·(n') = 2"n"

Note that

n + n" = (24 - 1)n" +
n

11

= 2
*
n" = 0(n))

-The imples n" =I ach i a prince

Thus n = 24 - 1 prime und

n
= 24 +

(2" -1) as required
#



-TheMolres Function

(1) u(l) = 1

(2) If I prome pst

pin then u(n)
= 0

(3) Otherso

n pi pi prime , Pipj , iFj

Then u (n)
= El)

u(l) = 1

u(2) = - 1

u(3) = - 1

u(4)
= 0

r() = - 1

m(6) = 1

in is multiplicative



tem =

E F-

Pol
Let F() = Pu(d)
Asa is multiplicatio so of F
Let

p he
prime

F(pk) = Pure
= u(l) +n()) +u(pz) +

. -

+Mph)
- 1 -1 + 0

= c



Molius&version Formula

Let O: IN ->R ach

F(n) = ab(n)
Then

f() = (d)

= F)m(

of
Consider

in u(d)F()
= [u(d, ) F(dz)
didz =n

=ne()Seb(c)

- (.)f(x)



(= 2/2 u(dilfa
din dil
um

= 1 on =C

othouse O

= f(n) as required

Lemmen
-

(d) =(

LungC n multiplication

of
Notus that

& # Eat 31, . . . , n3/(a ,
n) =d3

=

n

We have



&a) = #EacE1
, . . .,3)(a,) =13

Face#(a = 3 , .
.

. , n31(a,
n) = d3

Also (In) = nEd) Exercise
d

oof the withmetic functions
Notation O

,
↳

We
say f(x)

= O(gis) or

f(x)xy(x --C
st f(x = (y(x) for all appropriate-

If fx y(xf(
we say say fie T

2 g/t
S

comparable



Free
= = 0(x +x) x = ()

,
a)

x
=

+ x
= 0(x2)

[M)
,
# of dinisos of m

limit = (n) = 2
naz o

60 = 22 . 3 . 5

= (60) = 3 . 2 - 2 = 12

wis can be large then
any powe

of(logn)
Let a

< IRt
,
then In st

[(n) Clogn)"

Consider n
= 2"so i (n) =

m +

logn " mlog2



m=
m +1

lol
Insider instead

n
= 2 .3/m

,
Ih) = ( +1)

logml
g

a
=()

= ( +1) =()



Theres
-

i(n)nS -S30

Lemma
-

Letf he multiplicates such that

f(p) -- 0

as pa
->

a for p prima

then fin-> 0 usn ->
N

Roofof Commen

Suppose 8()-> O
as pa->

This implies

(1) I AER st (f(py) < A

2) I BER It 18)pas/1 pass

(3) F250
,
7 No st

18(pa)/ < 2
, pd > No



Let n = :

so finis

A finite number
,
C

, of elements p
are -B

Hence
, fin) =A

Fr EO as n
-> a

,
even U

will have a factor passtuallyso

f(n) = -A

Thus fini-> 0 as n
-> o

~of of Theorem

f(x) =
n

- S
= (n)

sof is multiplicative

We have fpc) = past()
= (a +1)p

-as

Hence



Hp)=
P legp

↑c)O a pr
S

Hence f(n) -> 0 as n
-> o

n nin's-> O

=> c(n)nS

Averageorder of i ?

↓[ =(n) log N
Nn=1

goof dini ?

Let n
= pm then

d(n) = n() - mu)

> n(1-2) for p sufficiently large



Also , >0 as n - a

Average ader ?

Let E(N)= In

TheN Only
Pref-

=
Let d' =

i

= dud

=Zuld
= (d)((*) - (i)



= u(d)( + 0((=])
= In O
Lemma
-

& ,
S < /

n =1

o
Consider

u

=S

=t Prid
=/



Eachto the therem

=+O
=In Only

=

In ++ Only
-

from the lemma

= Oplegn) as regured



iof nin) ?

emma

Let n- und beech rea
guedefne I

rpS
intery such that

pup) - 2n = prp)
+ 1

The following hold

(1) 24 = (2) = 22

(2) noti/(2)
(3)(22)/otpass
(4) If n32 and < p = n then

of(2)
(5)pp

= 44



Thelycher'sTheorem

Fer n
-

1 , Primer number there

- ()=
=(n)

Flagn
slegn

Po pat
H
(n) -n(n) Tp = ()ap(2n

·

,
From partI we have

(n) - (h) -22
U

2 = (2n)
(u)

Nar let n
= 2

Then K/i/2"ty--(2")) = 2"(1)

and 24 = (k +1) (24+) (2)



We also have

n(24 + 1) = 24

Thes

(n +1) (2) + 1) - um(24)

= 2k + 1
+ 2k = 3 .24

This implies

(n +1)= (2"+1) - kn(2") + k=(2") - (4 +1)m(2n
-Y

+.... + (2) - -(1)

< 3(24 + 24 +
+ 2k

- 2

+... + 1)

= 3 - 24 + /

Henc
Rename K =

m

m+ /

min(2m
+)<



(2m) (24) y
New consider general neIN

Choose m such that

2m
+

2 nc2m
+ 2

Note that

= log(24) = K

Also not that winl o a un

decreasing function
(n) = (2m+)

2- 2m
+

m +2

Aside
-

m+ /

2Etmin(2m
+)<

2m+ 1
c

y
< 2m

+ 2

i



Also

(n) > (2m
+)

-
-

(n + 1)

-

gn

Ellery
In nlogn

-Bertrand'sPostulat

SIf neI ,
5 primer salsfying

n -p
= 2n



dratesresidues

↳Let a
,
b

,
I

,
han does the

congruence ,
with pprime

ax+bx + = 0 (modp)

have solutions ?

Suppose whoy (a,p) =

Also suppose p i old

If (a
,p) = 1 then (4a

,p) =

Then
ax" +Ax + c = 0 (modp)

has solutions If
4a2xx + 4abx + 4ac = 0 (mod
Rax +1)"-" + 4xc = 0 (modp/

Let
y

= 2ax +1

d = 12 - 4ac

The question then becans



when does

y
=

= d(modp)
hone solutions ?

Defin .
en
-

If x
v =

a Godp) has 2 solution
then we say a i a greatthe
-

-residue of, otherwise a is a

-

gradratio non residue of p

item

p
= z

1" = / (od7)

23 = 4 (od7)

z2 = 9 God7)

4 = (3)" = 2 (od7)

52 = [2)" = 4 (od7)

G = (1)" = 1 (od7)



The quadate non residues of 7
are 1

,
2

, 4 and the quadratu non

residues are 3
,
5
,
6

Euler'sCriteren

Let
↑ he on odd prime .

Let at I
,

(a,p) = 1
. Then a o a quaebati

res.due ep

of af = 1 (modpl

o

Suppose a is a gradrates residen of ps
then - x st

x = a (modp)

We hine

at = (2) fi = X
* "

(modp/

/(modp)
Format

little theorem

,Mode



I
Nur

suppose ao not a quadratic reside
of p
For each c

= 31
,

.
. .

,p
-13

=> c' =E , . . .,p
-3

st cc' = a (modp)
and c = c

Hence

(1 . 2 . 3.... (p -1) =
cEmodp)

By Wilsens thereas a i not a guadratic
residue of p ,

then

p-

an
-

- 1/modp)

Example-
Ca we solve x = 3 (mod 31) ?

Fuleis Criterion

3 (mod 31)



3 = 3 (od 31)

3 = a (med 31/
34 = 8) = 19 = - 12 (mod 31)

38 = 144 = 28 = - 11(mod 31)
z

15
= y83433z1

= (-11) ( 12/- 4)

= 13 (- 12)

=-1 mod (31) NOT
C

gendreSymbol
Let p he on odd prime a
(ap) = 1

.
The legende symbal

()
n defined us

() = 31 % a grada
- otherwise



Therem
-

Let p heon odd prime, a
,
12

(a, p) = (1,p)
= 1

,
then

(1) If a
= b/odp)

(y) = (b)
(2) (a) = 1

(3) (g) =
aft (modpl

(4) (4) = (1)
(5) (4) = 1

, (t) = fl

(6) H = (



Zollerg
If p is an old prome then

Fi=
f

(y) = ( 1)

Completin exercise

Example-
Can we solve * = - 84 (mod 311 ?

#4) = (t)()(5)(5)
==

E



Theorem
There we infli many primesto mod 4congruent & & S

Prof
Suppose there are finite
primes p....... Conside

many such

N = 4 p,p= -.pe + 1

N = / (mod 4) ,
N>pi

,
i

= 1, . . . ,
t

Thus, N is omposite and 7 p primeCC

Tst /N C

t should be clear that

pFpi ,
i

= 1, . . . t
& -

We have N = 0 modp
w 4p.... pe = -1 (modp)
Thus

(y)
= 1 =>

p
= 1 (od4)

a contradiction
.

Thus there are oftel
many primes of the form 4k + 1·



Primited Roots
-

Remember of (a, n) = 1 then

um1 = 1 (modu)
-

Definite-
The order of a number alodn)
zo the smallest natural number d
such that

ad = 1 (modn

If d = Q(n) then a is a prim.The-

roo↓ of n , Clearly of n e

-

prima then &Ins = n-1
. If r

is a primitive roof of a prime p
Lthes r

,
M2

, ..,
Pt i a complete

set of residues (modp)

ord
,

a
= order of a (modn



Theorem
-

If ordn a
= d then d/d(n)

oug
From the division algorithm 51,c <I
st
((n) = Ad +c 0 = d

1 = all = abdic = Cadia = a modn)

The contradict & = crdu , Therefore

c
=0 and d/Q(n)

↳

Example
-

Let
p

= 17
, ((p)

= 16

possible orders we ↓ 2
,
4
,
8
,
16

· 2 = 2 (mod(7) 28 = / God17/

22 4 2 is not a primited
root of 1724 = -



· 3 = 3 (mod 17)
32 = q = -f

34 = 64 = -4

38 = 16 =

-

316 = 1 =3 3 i a punitie root
of 17

agrage'sTheorem

Lef fe2[ *)

f(x) = anth +... + a
,
x + no a:[

Let p
be a prime , (amp) = /

Then f has at mosta incongruent
C pYroots mod

of (ly induction

El a
,
x +

a.
= 0 (modp) (a

,p) = 1

This has a unique
solution (odp



-Suppor the statement holds for n
=k

i a 4th defree palynamal has
a maximum ofK incongruent roots
(modp)
Consider f(x = any"* +

...

+ a
,
x +

a

(am,p) = /

Assume If has K + 2 incongruent noots
Cmod p) and these al

Co14)(z) - -
- - ) Che

We have

f(x) - f(z) =

an+
(x

**
- ch +1) +

... -

- ..

+ a
,
(x - c)

= (x - c)y(x)
where gits has degree at most K

O(odp) = f(ci)
- f(c) = (a- )g(xi)

⑭
(modp(



The

g(c) = 0 for i=,
.,

k+/

Contradicts the induction hypothes

Lemma
-

Let ple prime
Let arch

pa
=d!F

ordplan) =

ul

f
Let t = ordplau)
Let h = god(d,u)
the we can write

d = hd
,

(n
,,
d

,) = 1
n

= hu,

Then
Canyd = Kahala-lad)" = I modp



Here tld,

Also
,
(a = I modp by definite

Here
, dut

d
, bluht

By Emelids hamma d
.It

Therefore t = d
,=

Lemmu

Let n he prome and systse d/lp-1)
Then

S
the # of integers of order d

in the set El , .. -, p-13 o at

most d(d)

Pl
Let F(d) = #Ea + E , . . .

,p+3) odpa =&3

If F(d) = 0 then F(d) - &(d)

Now
suppose

F(d) = 1 so 7 a
< El, . . . .,p+B



st crdpa = d
,

is ad = 1 modp

Note that

a
,

as, ..., all are incongruent (modp.

Also of K = 1
, .. ,
I then

lank]
&

= (d)" = 1 (modp)
Thus for ech KEE1, ...,

d3
,
all i

a root of xd = /modp)

By lyranges therem these are the

only roots of this equation
B the merious lemma we know that
Y ak has order d of (k,d) = 1

S

There are dich] such K Thus of theF

is are element ofods o there
we R(d) such elements

Hence
,
F(d) =((d)



Theorem
-

Let p he a prime with d(p -1 ·
Let

-Fld) be as in the Lemma
,
then

F(d) = ((d)

Proof-

p
- 1 = 2 F(d)

dip-

We also have

p-1= (d)

i 2 a(d) = E F(d)
dip- dlp-

Also from the Lemma F(d) = &(d)

Thus F(d) = &(d) for dlp-1

allery

Every prime has a primiting root



Theorem

If p o on add prime , then

) = 0

is there are t quadradic resides

of p andE questratio non residues

of p

u
Let r he a primitive root of p So
-that ri r2 c -ni S

mp- from a complete
set of residues

.

For each a EE1, . . .

, p-13 5 KazEl
, . .

.

, p-13
-such Mat

nka =
a (modp)

(a) =
= (a) = (k) = (1)ka

:=



Kolleg
Tbe grastate residues of a odd prime p
we congruent to the even powers

of a promotio root of p

cussLemma

Let p
heon add preme and a

1 = 1
.
Let denote the whea/P&

of elements of the at s

S = Ea ,
za

,
3a, ... i al

which have remander greate the
E after division by p
Then (a) = (1)

+

(modpl

Proof
Consider a,

2a, ...., a

Let mis...., inhe remanders which
al

[ E · Let S,, . . - - St
be To

remandes which areE



Nar conside

r,,
. . . , rn ,P-Sis ...., - Se

If r
:
En

; (op) or S: Es; modp)

then 5 m:
=

m; (modp) , mi, mic El, .... B

If 7 ijj st

m:
=

p- Sj(modp)
-then r

=
-S; /modp)

zo => migm;
-El, . . .

., 23

st

mi
+

my
= 0 (modp)

whichs impossible

Here Er, .
. .

, My/D-S
,

... / p-sa3
= El

,
2, . . . .,
Fi



Therefor

risE .. .. my(p -

s
,) . .. (p - St)

= (f) ! (modp)

Also

n
. . . . rus.... St

= a
. 2a : Sa .

...

(la (molp)C = aF(z)! /modp)
= #1)

"

m, . .
. Mas.... Se

Thus

(1) +
a ())

= ((z)! Godp

This gives (1)aft = /modp)
aft = (-1)

+

(modp)

Finally ,by Eule's Criter

() c = (1) " (modp) as required



Theorems
-

P is an odd prime,

(*) = 31 p
= = 1 (moc8)

- p
= =3(molS)

fol

Apply the Gauss Lemma with a
= 2

in this case

s
= Ea

,
2a, ... , fa3

= 32
,

4

, .
. .

. p
-13

How
may

elements of s are > Fe

Suppose CK :E
2

=> k = [*] complete
exercise

Let t = - [G ]



Example

Does xv = 2(mod11] have solutions ?

(f) = 1

Quadratic Law of Reciprocity
~et

p,7
he distinct odd primes. Then

(g)() = (1)

Rollery2
nohe

()
=

(e) of N adlor g = /mod 4)

S
[

· (i) & pand y = 3 God 4/

= 1 payor
- 1 of both p,g = 3(mod 4)



(Via Eisenstein Lemma)-

4Let he modePrimean ne. The
() = (1
of
As in the proof of the Gauss Lemme
conside p

- / and let4
,

2a, . . .
=a M

,.
. . -

,
Nu

denote the remainders -* afte
division by p s....,se ...

2 E

By thedivision Algorithm,

ja
=

p[fa] + remainder

↑
those we the

r's and ss

Sum toolties
⑪

F t

Sin =] + Besi

We alread know from the proof of
Gauss Lemma thatm ,.. . ., Un > P-s....p

- Se



we the numbers 1
,

2, ..., I
# t

j =Erep-t

(n-1) =] +2 -p

Consider this (mod 2)

0 ]
- + (mod2)

Herre

[] = + God 2)
↑

Games Comme

By the Gans Lemma

() = (1)
+

=(



Let Spig)=Cit
we knew

(g) = (1)3(24)

(a) =
(1)3(,/

Tharfee

(f)(z) = (+)x(p,2) + sa,4)

We need to prove

S(ris) +S(zip) = ()()

y
=

=

We will count the lattire points in the

different ways (Don'tmo the axi)

The obvious answer n it



It is easy to show

# -1) + 1
Sp

w -

height height

of m of N

-So the cre n0 in the

brengle mNR entertain possibly-

en MR

Therewre no latter points on OC
either except O or C

. Here
the number of points in Okml

is the sum of the number of
points in the two triangles OKN
and OLR

Height ofTo E
This there are [E] latter points
on ST

Se OKN contains

) = S(y ,n)



Sin It can be shown that the
number in OLK o Spig

↳

Example-
Does

x = 34 mod (293)

have solutions ?

Es) = (3))
=

-)
ai

-

#
= -

()
= -

Does not here solutions



·Fat,
= 2 +

+)

=
-

= 2 +

2+
-

27 +1
2

= (2 ; 2
,
27

, 2]



Any expansion of the form
Iime

a+ -

..
&

o a continued fraction
Dento this

[as ; a
, a z, .. ..

]

of it is infrite

[a0i a
, an

, ..., an]

o a finite continued factur

If a +I , i < 1
,
2, ...

then the contrived fraction o simple

An infinite contentved fracture converses-

f the sequence of fito contnind
fracters

[a0]
, [arja ,

]
,
Laoia

, ,
az], . - converges



All simple continued fractant converse

~Chinchine1964

A continued fraction converges

off : =

~

Book : Khinchin

Note that

Las
,

a
, an , -- an , and ...

]

= [as
,

a
, an .

. ., any Care , are ....
]]



Theorem
-

as Nv 903

9
, scez.....

EN

and let po=an p,
=

a,a,

+ /

20
= 1 g,

=
a

,

On
=

anDa++ Parz1 In anyn"Ya

If L ,
a

= I then

(i) [ao
,

..
-

, an)a] =

&Un
+ Un-1
-

ayn
+

En-1

(ii) [an
,

.. - , an] A
Called the
1 inconvergent

T f the
follens directly fract

Ent

from Til

A
Indruti
-

Lao
,

a
,
] =

ap
+ ta,



== f

190 a ,

cat check !

Assume statement holds for : K

Laoa, ...., an ,
a] =

Pr

agr
+

qk-1

Consider

[as
,
a, . .

. , an, ant ,
a]

= [00
, a

, , . . ar, 29+ 123]

*
&

~
2amn) =

any +t



Lemma
-

Consider the continued fracter

Las
,

a,....
]

9) pagnes
-

Patign
= 11)

**

=> get

(2) (niqn) = 1 clear

13) For n30 En In
=

an in de

(4) .......E2n + / G2n-1

...
(5) All infinite simple continued fracters

converge



f
(1) Prgn-Patiqn

= Un(antiEn + qn-1)
- Lane Pu +

On-1 1En
=

Naga--Unygu

== (pngn - Enpuf
=

= (-(pn-zyn - = Pa - 2n-
2))

:
&

=(1)"(poz , -pigol
= (- 1)"

+ 1

(4)
-22n + 2

(1) =-
=

gath O



Thre the sequence Per is increasing
Ean

It can similarly be shown that the

sequence

P
is decreasing

It
easy to show
-

Assume
, for contradiction

An >12m+ for some min

Ezu 22m+ /

If m in then

>A
contraditea

If m n then

m
contradina



15) By the monotone convergene there
the sequences

) and both converge

We know

-

Therefore (f) converges

Fact(fun)
Let 2 <R ith interge part [a]

2 = [a] + 1

G

2
,

= [a
, ] + + etc

22

a
= [[x]

,
[a

,
]

,
[as], . . .. ]



E

Everyratural can be represented
in two

way

[ar
, ... , an]

= Las
, .., an -1,

+ 1]
M

&
proper

Therem
-

Let X be irratial with andninul
/

fracti Lao
,

a
, , ... ] .

Then

(1)lima
Dirichlett
/ Theorem(2)

1- g in2

Al
1) Let a

= [as
,

a
, ... any an+]

-



Therefore

2-UnOn -Ch +1 In En-1

=

-+In t
O nodd
> Oneven

a nod

2 >

A
H ever

Herre him An
= G

n ->0

Zu

Therem

(1) If Car
, a ...,

am] = Las, ..., an'] a , a! N

then min a =a! it, ..,m

(2) If Lapa, , ...
] = Lab

, as , .... 3 aa! EN

The a:
=

a! i
= 0

,
1, 2, . . . .



Example-

5 = 6 + (57 - 6)

=

F
= 6
+

= 6 + 1

#(557 +6 - 1)

=

6 ten-
= 6 +-

12 +

·
-

= [6
, it]



um
E = [1

,
[]

t
Let = 1i
t
..

= [T]

= 1 +1

X
2

-

a
- 1 = 0

= Es

ai
= 1 i

= 0, 1,....

Po
=

a
= /

Pl
=

a
,

+ 1 = 2

Go
= I

21
[

9
,

=/



pa
=

azp,

+Pj
=

p,
+

=
= 3

22
=

g , +% -2

Py
=

P2 +p,

=

5 Es
=

g2
+

7,

= 3

P4
= g 24

= 5

p5
= 13

25
= 8

" i

Convergence of the Golder rates are

↑ , , , ,

Example-

e
= [2

,
1, 2

,
1
, 1

,
4, 1

,
1
,
6
,

1
,

1
, 8, ...

Algehcic number is the roof ofa
intergen polynomial



Theorem
-

The continued fracter expansion of
is eventuall periodiz of a s

=R

a

-greate erratinat

f convergents

v
W

Suppose a
= [00

, apu , an ,at, an +
-1]

Then we can write 2
= Car

,
a, . . . . , an-11ar]

convergents

we
Wherer=[an , one ..,

auth-1am]

Thes
a Get

unc
tri

Putting these together
2

-a gre Ent T

2 qn - 1
-

Un+
& ·

(p-phy-
Is quadrati in2



conversly , Suppose

2
= [ar

,
a, as ..., an ,

an] ERIQ

and 5 a,
1
,ce2st

anz + bx + c
= 0

As before

↳

We obtur Anan + Brant Cn = 0

An = a pry + Spage. + <En +

Bu = Zapa-Prez + &(Pagn-n +Pazqn1) +ZCqn- ·Enu

In =
apaint Spragu - 2

+&ga = An-

T Kas-f A =0
- En is a roof of

ax +bx +c

Note that Br"-4AnC =-4a



We know

1-
Here , 7 S

. 18n
..
111 st

2-

Pa
=

up. +
Put this into An to aftains

= O

-

An = gn +

+ (ac +br +c) + 2a28n -1

-

S
+ An a

- S
..
(2aa +H + as

2

Then

/Ank < Ran +61 + (a)



=>In/ < Raa + 1) + (a)

Frally

B2-4And = 82 - 4as

B = 62 - 4ac + 4An In

B2 < /2 - 4 ac + 4(12aa +bl + (a))2

(Am) ,
(Bu)

, Kel

Vs (tn) = d

(B) = 4

(w) = d

Eventually
,

6 the triples

(An
,
) Buy (n) = (Ann ,

Bur , Carl

=) an
,

=

Ann

an
,

Can

Un
+ 1

*

Enzt

·



This also imple that in the
continued factu the a; al

Landed

onQuestier

the the entries 2 Founded ?

Fact

The set of Intered fractions with

land entries has Lebesque
measure zeo

Theorem
-

Let
n>, 02 =

In # A

Es
WhereIo are the convergents of a

En
real number a

Then Iph-Inal < Ip-ga/
= k-) < /x-E)



of
2) Let g :

gu

The-
However 12-1 int T

I d I

A F = 1- l-fel
-
↓

En

(2) Now suppose

In..
< <

In

and
E

We can find MOVER sub that

MPa-1 + Van1

=

p

ugn vgn-"y



Solving for m
and r gives

m
= = (pyn -1 ynn- ) = 21203

v
= = (pyn - zn) = 21303

We have

q
=

Mpn
+

V&-

So
m,

r have opposite signs

We also know that

(pn-gnc) and (pn . -

Ena)

also have different signs

Therefore
m(pr-2nd) and olpa : Enna)

have the same sign

Hawaren

p
-

q2
=M(pa -qnx) + v(pn yn - a)



Thus

10-gal = mux (Illon-InGl, 10/1Pm-2n21)
=

max (Iph-Ind) , In-In-all

as required

Complete by induction

Theenem

Let

t
be consecutiveimneget

of at 1. Then at least one of

12-1 to holds in

Thisimple there are unfilet many
ratenal satesLying
12-E1 +

E for each a c IRIQ



fol
Assume this does not hold

,
i

12-F = Egi i = n
,

n +1

We have

Engage-UngnalEnEne

I
=

-2)+

-
Rearranging gives

that

(qn +1

- gn) = 0

impossible unless

n
=0 a,

=/yo =

g,



Even in the case the result still holds

is
BS P

,
Q

,
R

,
SEZ such that

Q -50
,
PS -Q = = /

Then
, &. we consecutive curgent

of 2

Therem
-

Let 2RiQ

Q such th

12-g Ep
Then is a convergent of



IQuester
-

Fa
richretuthat
(c -fel < f(y) ?

Hurwitz Theorem
-

There we uflig
eatuna

may convergents
F of &

-

number 2
-such that

12-
5g

Tho is sharp (cannot be israre) is
-The sense but I a

< IRIQ such

that

Ic-Ftelen
does not hold for utilit many



Po
We will show that at lastae
of every the consecutive convergent
sales

12-1
We have

12 - E l =

antiq +
2n+)

=Lan
We will shew that

↳ (G)

Cost hold for three consecutive i

Suppose ( *) holds for i=n 1 and in

&

n
5



an

Also an ,

=

an Ih

AnEn-z

=

an,

+

1 (5-)(-
=>

= (d)(8)



I

=>Et2
Nau assume (* ) hold for i =

n
+ 1

and by recisely the same argument we

Yobla

I
Nam

an gu
~ (5)-

from (e)(8
/

> - (55 - 1) = 1

Contradiction

Hend the existe one of i =

n
- 1

, n
, n +

such that



-

roofthat the s sharp

We will show that there exist jeRQ
-such that of a5 tea

10 - 1 +
aga

has at most finitely many
solutions

, Up

Let
-

: Est
2

wel suppose the met has infinite
many

solutions und we choose g
elittl large

We have

= 151a

=p



Squere both sides to altin

g2E + - 555 =p+

Is-es) =-2=
Choose
I
such that

2
= 0

=

# - 55

Therefore

(z +p)"=

+= y
and

2

EQ Q



-einTur-
A real number 2 s geproxmalle
to a dgree nt + f J ifit

2

many
natural such that

12 - fyl - +

gu

Fouville'sTheorem (1844)

A real algebraic number f degree d
is not spramable to any degree
larger than d.

Prof
Suppose ERR is algebraic of degree o
Then J such that

f() =08 = d
.

Then E M such that

(8'(x)) - M x
= ( - 1, + 1)

3 Pell's Equatio will nothe
Lan 1 Exam



Liouville's Theorem
-

& algebrain degree a minimal polyrenal
fe z(x]

f(x =

an
+
d

+
. ..

+
a

,
x

+
as

f() = 0

= Mst 18(1 = M x + (2 - 1
,

a +1)

Let Eet(2-1 ,
C +1) and

suppose a

~ the closest root of f o E.
we have

1)+wepdig +
.. ..

+ apgc +ang/
ga

-
Als f(z) =f() - (a)

(Eg -2)f'(z)

& lies between Eg and a



Har

12-E-

-
LThis

S
a couch he aspromated to any

order greaten >d · En
,

partianlen , f
a is a quadrati natural,

kc -8) =1

Mg2

a s badly approximable

Lisaville's Number is Transcendental
-

& = 10
%

= 0
, 110001000-

Let N32
,
and suppose n

> N

an = 0=



12-an) = c-
z

geometric

- :
series

-
=

to ,h

= 2 . 18( +1)!

= 2 . Q
+

C . G
N

So a is grazmahle to
every desrel und

cannot be algebraic by Loville's Theorem

Both'sTheorems (1964)
Let a be algebras .

Then the
inequality

12-Ela
has at most finitely many solutions20



~TophantineEquations

-outLast Therem

x" + yn = z (x
, y, z)=

only has solutions for n
= 2

&

Conjecture for 350 yeas, proved byAndrei Wiles

First reduced to chowng only need to
consider odd prime

·
n

= 3
,
1770 Euler

, Legendre

If pane 2pt) are old prime

V +y = z4 has no solutio
1805 Sophie

·

n
=5

,
1825 Dirichlet

, Legende

·

n
= 7 ,

Lami
,
1839 infol descent



· 1850's Kummer proved result for
all regular primes

[infretes many primes
"Birth of algebraic number They

·

Frey 1983 proved on +

yn
= 24 hes

finitely may solutions
,
472

"ellpti curves
Is

· 1993 Wiles

tagereuTriples
x +ye

= 22
eg 3,

4
, 5

If hof(+gic) = 1 then it s a

-primiting Pythagoren table
~

(x, x)

-I



Lemua/

If (txi2) = 1 and (yyie) ei

a primitive pythagoree t (PPT)
-then

(x, y) = (,z) = /y, 2)

↓emme 2

If (iy/ 2) of a DDTthen

- = y(mod2)
Lemma 3
-

If C 3 =/ and us it

the
site N

Y 147 m
,
ne I stn = mr

,
= n2

Theorem

Let

if
I even . TheCxy12/Y2I withP J mineN

m > C
, (in)

= 1
,
mEn mod2)

such that

x = m - 42 y
= 2mn z

= m + nh

cost +SME = 1
,
sULE = IsinEcet

,
casIE = cos't-sMG



of
Let (7, 312) he a BUT with

y
even Se X and 2 we old

Therefor
2 + x and 2-X

crl even

Let

r = + 1 "E

We have

x +y2 = zh

=> yz
=

z
-x = (e - x)(z +x)

= 4rs

If d/r anddls the

dKris] and d/(n - s)



Therefore

2 x and z -x

so dlx and dl2

Hence , d
=1 so (r,s) =

Using Lemma 3 we know I minc
st

v = m2
,

s = n2

and (m,
n) = 1

2
=
r +s = mi + 42

X
= m

-s = m -

1

2 3 =)

mint tot he

y
: Frs"Imn

sposite directive n in excise



Theorem
-

The Wishantine equatin

x4 + y4 = zu

has no solutions

of (Infinite descent)

Assume a solution

(0 , yo, 2) a IN

exists. We will show thisisi thes
is a second solution (7, y1,

2) -N
3

such that z, z

We have

(2)
"

+ (yoY)" =
2,

& Whog ussure (x
,y) = / (excercise)

The in ig

(5 , yo, 2

is a
PPT



Hence J min st min (ms = 1

und m = n (od2)

to = m"- " => ma =

- + 42

Yo
v

= 2mn se ko, n,
m) is another

-

PTI

2
= mi +n

=) v
,

s
,
(

,
3) = 1

, nEs(mod2)
n

= 2rs

3
m

= nu +3
-

As m
= 1(mod2]

and (m,
n) = I we have

(m ,
2n) = 1

Hence by Lemma 3 J
z,u st

m
=

2,

2n = -2

Thus w is even ,
so to vst

w
= 2u



= = v

Usory Lemma 3 again ,
3 + , /

-

SLv =

-
,

2

s
=

y,

"

(x,, y,) = 1

x
,

4 +

y ,

4 = n +s =

m
=

2,

It remains to shar that z,
-

zo

2,< z
,

4 = m2 < m2 +n2 =

20

This gives on infi sequence of soluten

(n/ yn/ zn) N" with 2
,

33
,

32
,

1...

which contradit the well ordering
principle.



~

Beal's large

xa +y = z

has no solutions (x, y12) I with
9,

b
,

c =3

(x
, y) = (y , z) = (x

, z) = 1

Unsolved $ 100
,
000

FatalenCoyesters
xm -

yn
= 1 -

,y, m
,
n E I

, min
= /

has no solutary except for x
=3,

m
= 2

, y
= 2

, n
=3

(14th) Gerson shared 3- 2 - /

unless m
= 3

, n
= 2

,
m

,
n

> /

(18th) Euler showed
* -y * = 1 except for previous

solutions



(1976) Tideman shared at most
a finite number of solutions.

(2002) Mihaileur

getS
then rad (n)=Pi

ETO 1 Ke st cyb,+2 with

n +b =
c (a

,
1) = 1

Then

monial
, 11) , 113 < KaradCatc)"

(2012) Mochizuki



-namof Squares

Lemma

If a prime p
= 4 m +1

,
me N

,
then

7 x
,y

= 2 st

x +yz
= Up

for some KEN
, Kap

of
If p = / (mod 4)

the (p) = /

Here
,
J alp st

a
2 =

- 1 (modp)
10 7 K st

a + 1 = Up

kp =a + 1 < ( +1)
2

+ 1



= 4-p E

Theeren
-

Leif

:ye
InF3(o4/

Then
P
he a prome
J st

x +yz
=

p

ful
1 + 1 = 2 Isun of two squares
Nowassume p

= 1 (mod 4).
Let m be the smallest number
it E

xy
x

+

y
=

=

mp

Assume
,
mc/

Find integers
a and I suc that

x
= a (modm)



y
= 1(modm)

-

m(a
=

mz

--t =
-

Ther

an +b = x +yz
=

mp

= 0 (modm)
Hence = I It

a + b = km

We have

(i +(2) (x +yz) =

Knip

and

( +ly(x + yz) = (ax +by)+ (ay -1x)



ax
+by =

x +y2/modn/

Smileily
ay

- bx =

xy
-

yx
= 0 (modn/

Thus

xiy ,x

Also

ty)+(=
We need to show k< m

0 = km = a +h <

22:

k(m

Contradiction

If K =0



a
-

12 = 0

=> a
= b = C

=> x
=

y
= 0 (modm)

=> x ty" =

mp

Then mip , unli unless mit

Therem
-

Let neIN .

Then J xycN it

x +yz =

n

off(each prime factor of n of the form

44 +3

occurs to an even power. )($)
Prof
Supposea satisfies (@) , then

n
= tu



where t divisible by all factersof & SM al 3 moch 4
and congruentirs to the rest
Each pime ina can be with as

the Sum of two squares . Here
- by st

n = + +yz
und n

= t (x- yz)

Now suppose I prime pl st

p
= 3 (mod4)

and p o raised toa odd power
(j +1) all assume I by

n
=

x
+

yu

If (x,y) = d

let
a

=

, 1
: E 2

(a,b)
= 1



Let m
= B ,

the

a +l" =

m

Let P"be the largest power ofp
that divides d Then m E

divisible by P
2j +1- 2k

to m is divisible by p

We may assume why that to
As othero pl and cast) p.
Hend the line congruence

az
= l(modp)

has a solution

Then

a +12 = a +az

= -(1 +22)

= O (nodpl
=> z = - 1 (modp)



=> (n) = 1

= >
p

= /(mod4)

contradiction

LegendreeresTherem

Letne /N
.
Then => x,y,

zeN st

x +y + z2 =

n

if n is not of the form

n
= 44(8t + 7) ,

K
, teNus0]

"squiresTherem

Let ne /N . Then - x
, y,

z
,
te N-303

st

n
= =" +y + z + t



Lemma
-

If M andn canhe withe as

the Sum of 4 square ther
S cas m

, n -

Lemma
-

-If is an Don54k =

p Preene, E s
x + y" + z" + th = kp

Prof
We will

prove that I xy it

x
2 +
y

+ 1 = 0 (modp)
Consider the two sets

S = 30,
1 , 22

, . . .,
(2)23

and T = 3 -1 -0,
-1 - 1

,
1 : 27

...
1 - ()

It should be clear that of
x

,y S or x,y T

the - Ey(modp)



However theycre

- + / element is each set
P2

Thus , Sit has

p
- 1 +2 =

p
+1 elements

Therefore by the prgeantale presagele
= x

,y
E SrT st

x =y (odp)
are in S and are inT

Hence 7 K
,

m

stx =n
, y

= - 1 -m2

Hand

n2 = -1 -me Maep)
me +n + 1 = 0 (modp)

n men +1 = Up for same K



We have

n2 + m

=

+ 1 = (f) + (2) + /

> p

Themem
-

Let & he prime . Then x
, y, z, t NVSO]

It

p
= =

+yi + z + th

Prof
1 + 1 + 0 +0 = 2

From now oncssume p is an odd
prime

Let in he the smallest natural
number st

x
+y +z + -2 =

my

has a solution yy ,
z
,
te Nr303



We will prove m
= 1 by showing

that of m >1 then this E

a smalle such natural number

&e1 , m is even

Either
-y ,

z
,
t are all even all odd

/

er two or even and two are odd.

Rearrange of necessary to get

-
=

y
(mod 2)

z
= t (mcd2)

Then

1E , E , It we all integers

and

Ey)" + Er+ City +E

=

a contacticties as E I and m



From dnow on -samein s

Find cyl,=L st

= - (modm

b = y(mom)
a

= z(molm)
o = t (modm)

-

* a ,
b

,
c
,
dcm

2

Then,

x
+y +z +t = a +12 + a

-+
2 (odm)

= O(modm)
& 7 K st

ael" +c +d) = km

Also

a +1+
=

+d- 4() = m2



=> k - m

a
= b =

c
=d =0

=> x =

y
=

z
= t = 0 (modm)

So m

= / (x +y2 + z = tY

=> mil mp => m/p

Empossible

thee k = C

We have

(x +y + zi + th)(a +1+c +(2)

= Knip

ach

Grey" +2 it'lat is+ci+d"l
(m+>

2

2
Ery)"

2

t= (ax +by + c +chS + (x -

ay
+ dz -ct)

(2)
"

(nt/2
+ (2x - dy -

an
+ 14) + (dx +

cy
-b -at]



Euch of the latter 4 termsi
divisible by m2

Then

x
-

y + zi +t = kp

CarlEdit definition of m . Therefore m =

~Newing'sproblem
-

Let KEN . Then 7 an unlergen
g(k) st enry enlegen be

written as a sum-of girl ,
4th powers

g(2) = 4

Hillert (1906) shared existence

(3) = 9
g

g(4) = 19

y(5) = 37



g(k) = ((z) "y + 24 - 2

Last checked up to

6 = k = 471
, 600,

000

Only the numbers

23 239

Cannot he represented as a sum of
eight cubes

ene

G(k) to be the smallest naturat
number such that all sufficientl
large natural numbers Cm he witter
as a sum of G/KS 4th powers

4 = G(3) = 7



All'squarter

d
,
ne

End zye , t

x" -dy" =

n

doo
,
nat

No soluti

do
,
n3

finite # of solute

If d =2
"

x
~ 2 -ye

= (x -Dy)(x +Wy) =

4

init # of solute
From now an assume dO and &E *

"



Therem-

Let de IN
,
ne

dED"
,
Ind

If <

-

dy" =

n +
,y

+z

ThenI is a convergent ofo
y

fl
Assume n3O

, we here

(x-y)(x + My) =
n

Then My
so

g
it

dy-=y
=

---dy"
x+y)



r
ge

Thes

y

is a convergent of d*

8

x

-

dy2 =

n

y
=

y
=

-

1
> O

d

Then
,by the some argument

- o a conversent of its und
X

there of id



When n
= 1

,
this i called pell's

equation

Archimedes und Wighantus zonscbrech
special cases

12t entery Bhaskarn

developed a method of solutes

1657 Format proposed the problem
1767 Enter provided some formal

Ther

1765 Lagrange produced a
result



Well'sTheer en

Let deN
,

d EW

Let
f he the ko

convergent of I

Let Y be the
antmined

period lengt
of the

& facters expansion
of a

· When too even
,
the solution of

x
-

dyz = -

has no soluting

The solution of
x"- dy" = 1

x
=

My 1y
=

gr
where

k = jt - 1
, jeN

· When t o odd the solution of



x
- dy2 = 1

are <=Pr , y
=

gr

where K = 2jt -1 jeN

The solute of
x

- dy = -/

are x
=

In y
=

In

where K = Rj -1 St - 1 je N


